1. Introduction. The computation of Euler's constant, y, to 3566 decimal places by a procedure not previously used is described. As a part of this computation, the natural logarithm of 2 has been evaluated to 3683 decimal places. A different procedure was used in computations of y performed by J. C. Adams in 1878 [1] and J. W. Wrench, Jr. in 1952 [2] , and recently by D. E. Knuth [3] . This latter procedure is critically compared with that used in the present calculation. The new approximations to y and In 2 are reproduced in extenso at the end of this paper.
2. Evaluation of y. A new procedure based upon the expansion of the exponential integral, -Ei(-x), was used to evaluate y rather than the classical approach used by Adams, Wrench, and Knuth. This new procedure was chosen so as to avoid the more complex programming required in the computation of high orders of Bernoulli numbers.
The exponential integral is given as fx e~l dt x -^-*) » I -= ~y -lnX + x -2^2!
+ 3T3Í-••• = -J-lnx + S(x).
Its asymptotic expansion is (2) _«_" .r^4-'+?-.) -«w. ¡x t X \ X X2 / Equating these and moving y to the left, we have (3) 7 Si S(x) -lna; -R(x).
Since the asymptotic form behaves as e~x/x for large x, the difference between S(x) and In x will approximate y to the accuracy of the number of leading zeros in the value of R(x). The value of x was chosen as a power of 2 to simplify the calculation of In x. Also, since a binary computer was to be used, many of the multiplications in the terms of S(x) could be reduced to shifting operations.
3. Method of Computation. The computation of In 2 is very rapid and straightforward on a binary computer using one of the forms of the expansion (5) ln2=i + 2-L + 3^+....
The computation of S(x) is also straightforward, but requires substantially more computer time since for x = 8192 almost 30,000 terms are required for convergence, and up to three times the number of digits in the final answer are required during intermediate computations to avoid truncation errors and to compensate for the loss of significant figures arising from subtractions.
The computer program was written to do the computation two different ways to establish the accuracy of the analysis, the programming, and the system operation. Two different binary-to-decimal conversion routines were also used, one with each of the computations.
The first part of the computer run used the following procedure. The individual terms of the expansion, (6) 131n2 = 13[r^ + 2^ + 3-T^.]■ were evaluated and summed to form In 8192. S(x) was evaluated by summing the odd and even terms of the expansion separately to avoid subtractions, thus :
= (* + 34l +.)
The individual terms of these sums were computed from an intermediate value, C2n , as follows: The second part of the computer run used the following procedure. Ln 8192 was evaluated from the following recursion starting at n = 12,300: (12) In 8192 = 13Bi, Bn = | ß + Bn+^\.
S(x) was evaluated by the following recursion starting at n = 30,000:
(n + l)2
The complete computation was performed on the engineering model of the IBM 7094 in 58 minutes. The first part of the computer run took approximately 20 minutes. The second part took approximately 35 minutes. The remaining time was required for non-overlapped printing and punching of results. The same computation was performed again on an IBM 7090 in 114 minutes as part of the tests of the speed and compatibility of the two systems.
The computed values of ln 2 agreed to 3683 decimal places, and the tabulation is believed accurate to that number of decimals. The value of ln 2 confirms the value calculated by H. S. Uhler [4] to 330 decimal places.
The computed values of 7 agreed to the same number of decimal places as In 2, but the accuracy is limited by the value of x to 3561 decimal places. The value of ß(8192) given in (4) was subtracted to give the additional five decimal places shown in parentheses in the tabulation. This value of 7 is believed accurate to 3566 decimal places and confirms the value calculated by D. E. Knuth to 1270 decimal places.
4. Comparison of Methods. The operating times reported by Knuth presented an opportunity to compare the two methods to determine which might be more useful in extending the value of 7 to greater accuracy. An estimate of the time required shows that if the expansion of the exponential integral had been used it would have been substantially faster than the classical method for the evaluation of 7 to 1271 decimal places on the Burroughs 220. The evaluation of each Dn would require a multiplication loop, a division loop, and a summation loop which would be used to evaluate each storage word of accuracy for each of the terms required for the convergence of S(x). These loop operations would require less than 10 milliseconds for each word of storage. Since there are 10,800 terms, all that is required is an estimate of the accuracy or number of storage words for each term. The upper curve in Figure 1 shows the value of r = log« (3000y?i-?i!). For n = 3000, r reaches its maximum value of almost 1300. At this value of n, the value of DH must be known to 2600 decimal places (260 words of storage). To avoid truncation errors, at least 2600 decimal places must be carried for each n < 3000. As n becomes larger, the required accuracy decreases, reaching 1300 decimal places at n = 8200, and going to zero at n = 10,800. This is shown as the différence at a particular n between the upper and lower curves in Figure 1 . If the accuracy is carried to 2600 decimal places throughout, as shown by the area between the two curves plus the area outlined by the dotted line, the computation of S(x) would have taken 7.8 hours, i.e., Since the area bounded by the two curves is less than 75% of the total area considered above, an achievable and still faster time for the evaluation of S(x) would be approximately 5.8 hours. This is to be compared to the approximately 9 hours reported by Knuth for the evaluation of the sum of the first 10,000 reciprocals and the first 250 Bernoulli numbers. When the times for the evaluation of the logarithms are added, the comparison shows that the evaluation of y by this new method would have required about two-thirds of the time reported by Knuth.
A similar comparison was attempted for the evaluation of y to 3566 decimal places on an IBM 7094 using the classical method. This would have required the evaluation of the sum of the first 65,536 reciprocals and the first 610 Bernoulli numbers. This approach was abandoned since a "good" lower bound of the time required could not be established with reasonable effort because of the complexity in establishing the accuracy (number of words of storage) needed for each of the Bernoulli numbers used in the recursion for evaluating the next higher Bernoulli number. It also appeared that the storage capacity of the system would have been exceeded, requiring additional time and programming complexity. No auxiliary storage is required for the evaluation of y using the expansion of the exponential integral on either computer.
It should be noted that there exists a still faster method which remains to be tried. This method will require additional programming effort, but substantially less computer time will be required. For a given x evaluate Inz, S(x) and e~x to twice the number of decimal places which would be expected from the value of R(x). Then evaluate the semi-convergent portion of R(x) and multiply by the value of e~x. When this value of R(x) is subtracted from S(x) -In x, the accuracy of 7 will be extended to that expected from the value of R(2x). This method will be faster since S(x) will require far fewer terms for convergence to a certain accuracy than S(2x); e.g., S (8192) will require approximately 36,000 terms for convergence to about 7200 decimal places, while S( 16384) will require almost 60,000 terms to achieve the same accuracy. 
